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I. INTRODUCTION
The non-isothermal flow of a thin film of fluid on a heated or cooled horizontal circular cylinder is relevant to many industrial situations, including heat exchangers and various coating processes. Pioneering work on this problem was done by Nusselt There is also a considerable body of literature on both two-dimensional and threedimensional isothermal thin-film flow on both the inside and the outside of a horizontal cylinder which is also of relevance here. this problem for both a stationary and a uniformly rotating cylinder in the special case when the free surface is at the same uniform temperature as the surrounding atmosphere (i.e. at leading order in the limit of large Biot number). In particular, they found that in this case the film thickness (and hence the load, but not the temperature or the velocity)
can be obtained from that in the isothermal case by a simple re-scaling. However, they did not appreciate that other re-scalings are possible in the case of a stationary cylinder or undertake any analysis of the solution obtained. In the present work we build on the foundations laid by Duffy and Wilson 45 to obtain a comprehensive description of the steady gravity-driven flow with prescribed volume flux of a thin film of fluid with temperaturedependent viscosity on a heated or cooled stationary horizontal cylinder. In particular, we investigate the effect of varying the heat transfer to or from the atmosphere at the free surface and the thermoviscosity.
II. THE VISCOSITY MODEL AND THE THERMOVISCOSITY NUMBER
So far as possible we will present results for a general viscosity model µ = µ(T ), where µ(T ) is a monotonically decreasing function of temperature T satisfying (without loss of generality) µ = µ 0 and dµ/dT = −λ when T = T 0 , where λ > 0 is a prescribed positive constant and T 0 is the uniform temperature of the cylinder at which µ takes the constant value µ 0 . However, when it is necessary to specify a particular viscosity model and, in particular, for illustrative purposes, we adopt the widely used exponential viscosity model is provided by the thermoviscosity number, V , defined by
where T ∞ is the uniform temperature of the atmosphere. Since the thermoviscosity number has the same sign as T 0 − T ∞ , situations in which the cylinder is hotter (colder) than the 
III. PROBLEM FORMULATION
Consider two-dimensional steady gravity-driven flow of a thin film of Newtonian fluid with uniform density ρ and temperature-dependent viscosity µ = µ(T ), where T denotes the (in general) non-uniform temperature of the fluid, on a stationary circular cylinder of radius a with its axis horizontal, the cylinder being at a uniform temperature T 0 , which may be either hotter or colder than the uniform temperature T ∞ ( = T 0 ) of the surrounding atmosphere.
Referred to polar coordinates r = a+Y (with origin at the cylinder's axis) and θ (measured counter-clockwise from the horizontal) as shown in Figure 1 , we take the free surface of the fluid to be at r = a + h, the film thickness being denoted by h. The fluid velocity u = ue θ + ve r (where e θ and e r denote unit vectors in the azimuthal and radial directions, respectively), pressure p and temperature T are governed by the familiar mass-conservation, Navier-Stokes and energy equations. On the cylinder r = a the velocity u satisfies the no-slip and no-penetration conditions, and the temperature is T = T 0 (a prescribed constant). On the free surface r = a + h the usual normal and tangential stress balances and the kinematic condition apply, as does Newton's law of cooling
where k th denotes the thermal conductivity of the fluid (assumed constant), α th (≥ 0) denotes an empirical surface heat-transfer coefficient, and n denotes the unit outward normal to the free surface. Surface tension, viscous dissipation, inertia and thermal advection are all We will consider only thin films, whose aspect ratio ǫ, defined by
is small. We non-dimensionalise and scale the system by writing
where the characteristic azimuthal fluid velocity U, defined to be equal to Q S /ǫa, is given by
and p a is the constant pressure in the surrounding atmosphere. Note that the nondimensionalisation of temperature given in (5) incorporates the factor T 0 − T ∞ , which can be either positive or negative, and so a little care is required in interpreting results for the non-dimensional temperature T * in terms of the dimensional temperature T . For clarity the star superscripts on non-dimensional variables will be omitted henceforth.
Expressed in non-dimensional variables the fluid occupies 0 ≤ Y ≤ h for −π < θ ≤ π, the flux Q takes the values Q = Q R on the right-hand side of the cylinder |θ| < π/2 and Q = Q L on the left-hand side of the cylinder π/2 < |θ| ≤ π, with Q L − Q R = 1; also the general viscosity model µ = µ(T ) satisfies µ = 1 and dµ/dT = −V when T = 1, and, in particular, the exponential viscosity model (1) is given by
At leading order in ǫ the governing equations become
together with the boundary conditions
where B = ǫaα th /k th (≥ 0) is the non-dimensional Biot number (a non-dimensional measure of heat transfer to or from the atmosphere at the free surface) and the suffixes Y and θ denote the appropriate partial derivatives. The special case B = 0 corresponds to that of a perfectly insulated free surface with no heat transfer (i.e. T Y = 0 at Y = h), while at leading order in the limit B → ∞ the free surface is at the same uniform temperature as the atmosphere (i.e. T = 0 at Y = h), and so we will consider the full range of values from B = 0 to the limit B → ∞ in the present work.
Introducing the rescaled variable y = Y /h (so that the fluid occupies 0 ≤ y ≤ 1) and solving (8) subject to (9) and (10) for the temperature T = T (y, θ), the azimuthal velocity u = u(y, θ) and the pressure p = p(y, θ) yields
and
The stream function ψ = ψ(y, θ) (non-dimensionalised with Q S and satisfying hu = ψ y and v = −ψ θ with ψ = 0 on y = 0) is given by
The volume flux Q (= ψ(1, θ)) is given by
leading to
where f = f (θ) (> 0) is the fluidity of the fluid film, defined by
In the special case of constant viscosity µ ≡ 1 the fluidity is simply equal to unity, i.e.
f ≡ 1. Note that, since the flux Q is prescribed, (16) The fluid loads on the right-hand and the left-hand sides of the cylinder are given by
respectively.
Thus, for a specific choice of viscosity model µ = µ(T ), the film thickness h is determined in terms of Q = Q R (−1 ≤ Q R < 0) on the right-hand side of the cylinder and in terms of
on the left-hand side of the cylinder by the algebraic equation (16) in which f is given by (17) , and the solutions for T , u, p, M R and M L are given explicitly by (11)- (13), (18) and (19), respectively.
Note that while the present problem has been obtained as the leading-order approximation to the steady flow of a thin film of fluid on a large horizontal circular cylinder, exactly the same problem also describes the leading-order approximation to the steady flow of a thin film of fluid down any sufficiently slowly varying substrate with local angle of inclination to the horizontal α = π/2 − θ, where 0 ≤ α ≤ π. In particular, the present analysis applies to the widely studied problem of rectilinear flow down a planar substrate inclined at an angle α to the horizontal.
From (11), (12), (14), (16) and (17) Combining (11), (12), (14), (16) and (17) shows that h, T , u, ψ and f depend on θ only through cos θ, and so the flow has top-to-bottom symmetry, but (as we have already mentioned) not necessarily left-to-right symmetry.
Using (11) and (17) one may show that
and hence from (16) we find that ∂h/∂Q has the same sign as Q, which means that the film thickness at each station θ increases monotonically with |Q|.
Similarly, from (16) we find that dh/dθ has the same sign as tan θ, which means that the film thickness on the right-hand (left-hand) side of the cylinder increases monotonically away from its minimum value at θ = 0 (θ = π).
Near the top and the bottom of the cylinder we have h → ∞, T ∼ 1 − y, and f →f as θ → ±π/2, where from (17) the constantf (> 0), which depends only on the specific viscosity model considered, is defined bŷ
Specifically, from (16) the thin-film approximation ultimately fails as the film thickness becomes unbounded according to
where the constantĝ (> 0), which (likef ) also depends only on the specific viscosity model considered, is defined byĝ
Hereafter we will, for simplicity, restrict our attention to the flow on the right-hand side of the cylinder (|θ| < π/2) with flux Q = Q R (−1 ≤ Q R < 0) and load M = M R , from which the corresponding results for the flow on the left-hand side of the cylinder (π/2 < |θ| < π)
and load M = M L can be readily obtained.
IV. SPECIAL CASE OF CONSTANT VISCOSITY
If either there is no heat transfer to or from the atmosphere at the free surface (i.e. in dimensional terms if α th = 0) so that B = 0 (in which case the fluid film is isothermal with constant temperature T ≡ 1) or the viscosity is independent of temperature (i.e. in dimensional terms if λ = 0) so that V = 0 (in which case the fluid film is non-isothermal with non-constant temperature T ≡ 1), then the fluid has constant viscosity µ ≡ 1 and fluidity f ≡ 1. In either case we recover the classical isothermal solution in which h = h 0 , u = u 0 and ψ = ψ 0 , where
In particular, (24) shows that the film thickness h 0 increases monotonically with |θ| away from its minimum value of (3|Q|) 1/3 at θ = 0, becoming unbounded at the top and the bottom of the cylinder according to
in agreement with the corresponding general results obtained in Section III. The load M = M 0 is given by
in which the numerical coefficient C 0 is given by
V. GENERAL CASE OF NON-CONSTANT VISCOSITY
In general, if there is heat transfer to or from the atmosphere at the free surface (i.e. in dimensional terms if α th > 0) so that B > 0 and the viscosity depends on temperature (i.e.
in dimensional terms if λ > 0) so that V = 0, then the fluid film is non-isothermal with, in general, non-constant temperature, viscosity and fluidity. In the particular case of the exponential viscosity model (7) we have
where, for brevity, we have introduced the notation V = V(θ) defined by
so that (12) yields the azimuthal velocity 
and (17) yields the fluidity
Note that f is a monotonically decreasing function of V satisfying
and Figure 4 illustrates that the free-surface temperature,
, is a monotonically decreasing function of both B and V . In particular, Figure 8 shows that M is a monotonically increasing A. The limit of weak heat transfer B → 0 + At leading order in the limit of weak heat transfer at the free surface, B → 0 + , the free surface is insulated (i.e. T y = 0 at y = 1) and, as already discussed in Section IV, the fluid film is isothermal with constant temperature T ≡ 1, viscosity µ ≡ 1 and fluidity f ≡ 1.
Hence the leading-order solutions for h, u and M are simply the isothermal solutions h 0 , u 0 and M 0 given by (24), (25) and (28), respectively.
The effect of variations in B first appear at O(B), to which order the solutions for h, T , u and M are given by
where the numerical coefficient C 1 is given by
Note that the solutions (38)- (41) are valid for a general viscosity model satisfying µ = 1 and dµ/dT = −V when T = 1 to the order shown (but not to higher orders). The solution (39) shows that the effect of weak heat transfer at the free surface is to decrease T slightly from its constant isothermal value T ≡ 1 throughout the fluid film. Thus for positive (negative) thermoviscosity V > 0 (V < 0) the viscosity is slightly increased (decreased) from its constant isothermal value µ ≡ 1, and determining the sign of u 1 shows that the magnitude of the velocity is slightly increased (decreased) from its value in the isothermal case when 0 < y < (7 − √ 17)/8 ≃ 0.3596 and slightly decreased (increased) when (7 − √ 17)/8 < y ≤ 1, with the net effect that the magnitude of the average fluid velocity is slightly decreased (increased) and hence that the film thickness (and hence the load) is slightly increased (decreased) everywhere in order to accommodate the fixed volume flux of fluid.
B. The limit of strong heat transfer B → ∞ At leading order in the limit of strong heat transfer at the free surface, B → ∞, the free surface is at the same uniform temperature as the atmosphere (i.e. T = 0 at y = 1) and the fluid film has non-constant temperature T =T = 1 − y and viscosity µ =μ = µ(T ). As 45 showed, the leading-order solutions for u and f , denoted byû andf, are given byû
Duffy and Wilson
dT (43) and (21), respectively, whereĥ denotes the leading-order solution for h. Closed-form expressions forf for linear, exponential and Eyring viscosity models are described in detail by
Wilson and Duffy 25 . Sincef is a constant (and not a function of θ as, in general, f is) the leading-order solutions for h and M, the latter denoted byM , are simply given bŷ
where h 0 and M 0 are the solutions for h and M of the corresponding isothermal problem with the same flux given by (24) and (28) in which the constant C 0 is again given by (29) . Thus, rather remarkably, for a general viscosity model the film thickness and the load (but not the temperature or the velocity) at leading order in the limit of strong heat transfer are simply re-scaled versions of their values for the corresponding isothermal problem with the same flux. In particular, this means that for positive (negative) thermoviscosity the leading-order film thickness and load are increased (decreased) from their values for the corresponding isothermal problem with the same flux. Furthermore, in this limit V ∼ V , and so the leading order expressions for µ, u, ψ and f are simply given by (30) , (32), (33) and (34) with V replaced by V , respectively.
Note that the re-scaling (44) differs from that proposed by Duffy and Wilson 45 . In general, the leading-order solutions for h, Q and M in the limit of strong heat transfer, denoted byĥ, uniformly rotating cylinder at leading order in the limit of strong heat transfer, but failed to notice that there is no restriction on the value of m for the present problem of non-isothermal flow on a stationary cylinder.
As might have been anticipated, this simple re-scaling property does not extend to higher orders. Specifically, extending the analysis to O(1/B 2 ) the solutions for h, T , u and M are given by
The solution (46) shows that the effect of large-but-finite heat transfer at the free surface is to increase T slightly from its leading-order value T =T = 1 − y throughout the fluid film. Thus for positive (negative) thermoviscosity V > 0 (V < 0) the viscosity is slightly decreased (increased) from its leading-order value µ =μ with the net effect that the film thickness is slightly decreased (increased) uniformly in order to accommodate the fixed volume flux of fluid, and hence that the load is slightly decreased (increased).
C. The limit of weak thermoviscosity V → 0
As already discussed in Section IV, at leading order in the limit of weak thermoviscosity, V → 0, the fluid film has non-constant temperature T ≡ 1 but constant viscosity µ ≡ 1 and fluidity f ≡ 1. From (16) and (17) the solution for h is given by
and hence from (11), (12) and (18) the solutions for T , u and M are given by and
where h 0 , u 0 and M 0 are the isothermal solutions given by (24) , (25) and (28), respectively.
Note that the solutions (49)-(52) are valid for a general viscosity model satisfying µ = 1 and dµ/dT = −V when T = 1 to the order shown (but not to higher orders). The solutions in this limit are similar to those in the limit B → 0 + described in Subsection V A and have a similar physical interpretation. This behaviour is illustrated in Figure 9 which shows the film thickness h plotted as a function of θ/π and the velocity u at θ = 0 plotted as a function of Y = hy for a range of values of V near V = 0.
D. The limit of strong positive thermoviscosity V → ∞
In the limit of strong positive thermoviscosity, V → ∞, from (16) and (17) the solution for h is given by
and hence from (11), (12) and (18) the solutions for T , u and M are given by
where h 0 and M 0 are the isothermal solutions for h and M given by (24) and (28), respectively.
In particular, these solutions show that at leading order in the limit of strong positive thermoviscosity the temperature is given by T = 1 − y and the viscosity µ = exp(V y) is E. The limit of strong negative thermoviscosity V → −∞
In the limit of strong negative thermoviscosity, V → −∞, from (16) and (17) the solution for h is given by
and hence from (11), (12) and (18) the solutions for T , u and M are given by 
In particular, these solutions show that at leading order in the limit of strong negative thermoviscosity the temperature is given by T = 1 and the viscosity 
and not the previously defined thermoviscosity number, V , is the appropriate nondimensional measure of thermoviscosity effects. In the particular case of the exponential viscosity model (30) in this limit V ∼V h and so the leading order expressions for µ, u, ψ and f are simply given by (30) , (32)- (34) with V replaced byV h, respectively.
Note that, in an analogous way to being able to remove B explicitly from the general mathematical problem by rescaling appropriately (discussed in Section III), in this case we could removeV explicitly from the mathematical problem by rescaling h, u, ψ and Q appropriately; however, since this again obscures the physical interpretation of the results obtained we retainV explicitly in what follows.
In the limit of "weak" thermoviscosity,V → 0, the solutions for h, u and M are given by the corresponding results in the limit B → 0 given in Subsection V A, namely (38) , (40) and (41), with BV replaced byV , and hence have the same physical interpretation.
In the limit of strong positive thermoviscosity,V → ∞, the solutions for h, u and M are given by 
in which the numerical coefficientĈ is given bŷ
where K(k) is the complete elliptic integral of the first kind with modulus k defined by 
At leading (but not higher) order these solutions coincide with the corresponding results in the limit V → −∞ given in Subsection V E, namely (57), (59) and (60), and hence have the same physical interpretation.
